A FINITENESS THEOREM FOR CANONICAL 
HEIGHTS ATTACHED TO RATIONAL MAPS OVER 
FUNCTION FIELDS 

MATTHEW BAKER 

Abstract. Let K be a function field, let ip € K(T) be a rational 
map of degree d > 2 denned over K, and suppose that (p is not 
isotrivial. In this paper, we show that a point P 6 P 1 (K) has 
(/^-canonical height zero if and only if P is preperiodic for ip. This 
answers affirmatively a question of Szpiro and Tucker, and gen- 
eralizes a recent result of Benedetto from polynomials to rational 
functions. We actually prove the following stronger result, which 
is a variant of the Northcott finiteness principle: there exists e > 
such that the set of points P € P 1 (iC) with ^-canonical height 
at most £ is finite. Our proof is essentially analytic, making use 
of potential theory on Berkovich spaces to study the dynamical 
Green's functions g v ^ v (x,y) attached to ip at each place v of K. 
For example, we show that every conjugate of ip has bad reduction 
at v if and only if g VtV {x, x) > for all x G Pserk.w where P^erM 
denotes the Berkovich projective line over the completion of K v . 
In an appendix, we use a similar method to give a new proof of 
the Mordell-Weil theorem for elliptic curves over K. 



1. Introduction 

1.1. Terminology. Throughout this paper, K will denote a function 
field, by which we will mean a field endowed with a set of non-trivial 
non-archimedean absolute values which satisfies the product formula: 
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(PF) For every nonzero x G K, \x\ v = 1 for all but finitely many 
v G M K and 

] [ |ar|„ = 1 . 

Examples of function fields include the field of rational functions on 
any normal (or just regular in codimension 1) projective variety over a 
field k (see |Ej,§2.3, and 0,§1.4.6). 

The field of constants of a function field K is defined to be the subfield 
k C K consisting of all x G K such that \x\ v < 1 for all v G Mr-. By 
the product formula, if x G fco is nonzero then in fact \x\ v = 1 for all 
v G M x . 

1.2. The canonical height attached to a rational map. Let ip G 

K(T) be a rational map of degree d > 2 defined over X, so that ip acts 
on P^if) in the usual way. We define a homogeneous lifting of </? to be 
a choice of homogeneous polynomials Fi,F 2 G Y] of degree d > 2 
having no common linear factor in K[X, Y] such that 

(p([z : Zi]) = [Fi(z 0l zi) : F 2 (z ,z 1 )] 

for all [z : Zi] G P 1 ^). (The polynomials Fx,F 2 are uniquely deter- 
mined by up to multiplication by a common scalar c G X*.) The 
mapping 

F = {F U F 2 ) :K 2 ^K 2 

is a lifting of ip to i^ 2 , and we denote by F^ : K 2 — > if 2 the iterated 
map F o F o . . . o F (n times). 

The condition that i*\ and F 2 have no common linear factor over K 
can be rephrased by saying that the homogeneous resultant Res(F) = 
Res(Fi,F 2 ) is nonzero. If F\(z) = Yli z A a % an d -^(-z) = Ylj z A 
then Res(iq, F 2 ) = [7^ «i A where (x , a?i) A (?/ , yi) = XoVi ~ XiVo- 

The canonical height function Hf,k is defined for z G -fC 2 s {0} by 
H F , K (P)= lim^ X) log\\F^(P)\\ v , 

n^oo fl" z — * 
v£M K 

where \\(x, y)\\ v = maxjlx^, \y\ v }. It is straightforward to show using 
the product formula that Hf,k(z) > 0, that Hf,k(z) depends only on 
the class of z in P 1 (iiT), and that H c f,k = H FK for all c G K*. Hf,k 
therefore descends to a well-defined global canonical height function 
h VtK ■ F l (K) -> M> depending only on (p. For all P G ^(K), hp,K 
satisfies the functional equation 

(i.i) KA<p( p )) = dKM p ) ■ 
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If K'/K is a finite extension, then for each place w of K' extend- 
ing a given place v of K, one can define an absolute value on K' via 
FU — \N K ™(x)\ v . The resulting set Mr 1 of absolute values on K' again 
satisfies (PF), and for P G P 1 (i^) we have 

h VlK >(P) = [K' : K]h v>K (P) . 

(See [THJ ,§2.2, and 0, Proposition 1.4.2.) It follows that we can extend 

h 9! K to K in a natural way by setting h^xiP) = ^-k] h<p,K' (P) for 

P G f l {K'). We will write h<p{P) instead of }i Vj k(P) when no confusion 
is possible about which ground field we are talking about. 

If h K : F\K) -> M>o denotes the standard Weil height on P 1 ^), 
defined for P = (z : G F l (K) by 

h K (P)= ^ logmax-{>oU \zx\ v } 

v£M K 

and extended to K as above, then there is a constant C > such that 

(1.2) \K,k(P) ~ h K(P)\ < C for all P G P 1 ^) . 
This follows from (jl.lj) and the easily verified fact that 

Vjc(P) = lim 1^(^W(P)) 

ra— >oo a' 1 

for all P G F 1 (K). 

It is easy to see using (|1.1|) that h 9t K{P) = if P is preperiodic for 
93 (i.e., if the orbit of P under iteration of ip is finite). And if the field 
of constants ko of K is finite, then just as in the number field case, 
it is easy to show that h v satisfies the following Northcott finiteness 
property: For any M > 0, the set 

(1.3) {P G ¥\K) : h^ K (P) < M} 

is finite. If property (jl.3j) holds for K, one easily deduces that if 
h v K (P) = 0, then P is preperiodic. 

However, in the function field case, we have: 

Lemma 1.4. Let K be a function field. If the field of constants ko of 
K is infinite, then for M sufficiently large, the set 

(1.5) {P G ¥\K) : Vk-(P) < M ) 

is infinite. 

Proof. If P G F 1 {k ) then h K {P) = 0, and therefore h VjK (P) < C for 
all P G P^Jfeo) by JOJ). In particular, the set {P G F 1 (iT) : h v , K {P) < 
C} is infinite. □ 
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In addition, if p is defined over k , then h Vt K{P) = for all P G 
F l (k ), but not all points of P 1 (A;o) are preperiodic. For example, if 
k = Q,K = Q(T), and p(T) = T 2 , then h V)K {P) = for all P G 
P 1 (Q), but the only preperiodic points in P 1 (fC) (or P 1 ^)) are 0, oo, 
and the roots of unity in Q. 

More generally, if p is conjugate over a finite extension K' of K to a 
map defined over the field of constants of K', then (jl.Hj) fails over K', 
since if p' = M~ l opoM with M G PGL 2 (A'')> tnen 

K',k'{p) = KMM{P)) 

for all P G ¥ X {K') (see Lemma [Ql below) . 

We will show, however, that a weak version of (jl.3|) still holds over 
function fields, even when the field of constants is infinite. To state 
the result, define <p G K{T) to be isotrivial over K if there is a Mobius 
transformation M G PGL^-K') such that p>' = M" 1 o p o M is defined 
over the field of constants of K, and isotrivial if there exists a finite 
extension K' of K such that <p is isotrivial over K' . 

Theorem 1.6. Let K be a function field, and let p G K(T) be a 
rational map of degree d > 2. Assume that p is not isotrivial. Then 
there exists e > (depending on K and p) such that the set 

{P G P 1 ^) : h v , K (P) < e} 

is finite. 
Remark 1.7. 

(i) We do not know if Theorem 11.61 remains true if the hypothesis 
ll p is not isotrivial" is replaced by the a priori weaker hypothesis u p is 
not isotrivial over K. n 

(ii) One cannot strengthen Theorem ll.6l to a Northcott-type theorem 
asserting, under the same hypotheses as Theorem 11.61 that for each 
D > 1, there exists e > (depending on D,K, and p) such that the 
set 

{P G P 1 ^') : [K' : K] < D and h^ K (P) < e} 
is finite. For if this were true, then for all n > 1 the set 

{PGP 1 ^) : h^ K (P) <ed n } 

would be finite, since for each P G P 1 (i^) there exists P' with [K(P') : 
K) < d n such that pW(P') = P and h^ K (P) = d n h^ K (P'). For n 
sufficiently large, this contradicts Lemma fl.4[ 

(iii) Combining Lemma rQl with Theorem ll.6[ we see that if k$ is infi- 
nite and p is not isotrivial, then the quantity s Vj k '■= infp e pi(if) h^^iP) 
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is a positive real number. It would be interesting to investigate quan- 
titatively the dependence of e v% k on ip and K. 

As a consequence of (jl.ljl and Theorem 11.61 we obtain: 

Corollary 1.8. If K is a function field and tp G K(T) is a rational 
map of degree d > 2 which is not isotrivial, then a point P G F 1 (K) 
satisfies h^^P) = if and only if P is preperiodic for ip. 

Proof. As previously mentioned, preperiodic points always have height 
zero. Conversely, suppose h Vj K — and choose a finite extension K' of 
K with P G F\K'). Using (fTHJ) and the fact that h VtK > = [K 1 : K]h^ K 
for all n > 0, we obtain 

KMv {n \ P )) = \ K ' ■ K \K,K^ {n \P)) = d n [K' : K\h VtK {P) = • 

By Theorem II .b( it follows that the set {P, <p(P), ip( 2 >(P), . . .} is finite, 
i.e., that P is preperiodic. □ 

The special case of Corollary 11.81 in which ip is a polynomial map 
was proved recently by Benedetto ([HI, Theorem B). In fact, Benedetto 
proves a more precise result in the polynomial case ([S], Theorem A), 
as he just assumes that ip is not isotrivial over K. Corollary II . 81 answers 
affirmatively a question which we first learned of from Lucien Szpiro 
and Thomas Tucker. 

Our proof of Theorem ll.6l which will be given in uses the fact that 
isotriviality of <p can be detected in terms of good and bad reduction. 
In order to make this precise, we first recall the necessary definitions. 

Let L be a valued field with valuation ring C £ . If <p G L(T), we say 
that ip has good reduction over L if there exists a homogeneous lifting 
F = (Fi,F 2 ) of cp having good reduction, i.e., F 1 ,F 2 G Oz[x,y] and 
Res(Fi,F 2 ) G 0* L . If ip does not have good reduction over L, then we 
say that ip has bad reduction over L. 

Also, we say that ip has potentially good reduction over L if there is 
a finite extension V of L and a Mobius transformation M G PGL^L') 
such that ip' = M _1 opM has good reduction over L' . 

Conversely, we say that ip has genuinely bad reduction over L if it 
does not have potentially good reduction over L. 

In 21 we will prove the following criterion for isotriviality: 

Theorem 1.9. Let K be a function field, and let ip G K(T) be a 
rational map of degree at least 2. Then ip is isotrivial if and only if 
ip has potentially good reduction over K v for all v G M K , where K v 
denotes the completion of K at v. 
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1.3. Dynamical Green's functions and reduction. In order to ap- 
ply Theorem 11.91 to canonical heights, we will use a decomposition 

(1-10) K, K {x) + h VtK {y) = ^2 9 v ,v( x >v) 

veM K 

of the global canonical height into local contributions. Here g VtV (x,y) 
is a two-variable dynamical Green's function attached to (p which was 
introduced in 0; see ^21 for a definition and further details. The func- 
tion g V)V (x,y) is defined first for x and y in the completion of K v , 
and then extended in a natural way to the Berkovich projective line 
p Lrk over C„ (see 

In H'SA\ we will use the theory of Berkovich spaces to prove a result 
characterizing genuinely bad reduction in terms of dynamical Green's 
functions. In order to state the result, let L be a complete and alge- 
braically closed non-archimedean field, let ip G L(T) be a rational map 
of degree at least 2, and let g v {x,y) be the corresponding dynamical 
Green's function on P X (L). We view P X (L) as being endowed with the 
analytic topology coming from the norm on L. 

Theorem 1.11. If (p has genuinely bad reduction, then there exists a 
constant (3 > and a covering o/P 1 (L) by finitely many analytic open 
sets Vi, . . . , V s such that for each 1 < i < s, we have g<p(x, y) > (3 for 
all x,y G Vj,. 

As we will see, Theorem ll . 1 ll can be easily deduced from the following 
result concerning the extension of g v (x,y) to the Berkovich projective 
line: 

Theorem 1.12. ip has genuinely bad reduction over L if and only if 
g v (x,x) > for all x G P^jAP^L). 

We will derive Theorem ll. 121 as a special case of a more general result 
( Theorem 13.14)) giving several different conditions which are all equiv- 
alent to ip having potentially good reduction. It is worth noting that 
Theorem ll. 12| and therefore the theory of Berkovich spaces, is a crucial 
ingredient in our proof of Theorem 11.61 even though the statement of 
the latter result has nothing to do with Berkovich spaces. 

Remark 1.13. The results in [jj are currently stated and proved in the 
special case where L = C p . However, all of the results from jl] rele- 
vant to the present paper remain valid over an arbitrary complete and 
algebraically closed non-archimedean field, see [U] and for details. 

Another (this time non-essential) ingredient in our proof of Theo- 
rem EH is the following lower bound for average values of g v which was 
proved in pQ, Theorem 1.1: 
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Theorem 1.14. Let L be a valued field, and let ip G L(T) be a rational 
map of degree d > 2. Then there is an effective constant a > 0, 
depending on ip and K , such that if N > 2 and z\, . . . , Zjv are distinct 
points o/P^-fT), then 

9v{zi,Zj) > -aN log N . 

Remark 1.15. 

(i) As noted above, Corollary 11.81 is a generalization of Benedetto's 
main theorem in [S] from polynomials to rational functions. As with the 
passage from the main result of [2] to that of [5], the rational function 
case of Corollary II . 81 seems to require more machinery than the polyno- 
mial case. For example, the analogue of Theorem 11.111 was proved in |H] 
by analyzing the radii of preimages of suitable disks under ip. However, 
we have not found a way to avoid using the machinery of Berkovich 
spaces to prove Theorem 11.111 for rational maps. Although the proofs 
of Theorems 11.91 and 11.141 do not rely on Berkovich's theory, they are 
also more technically involved than their polynomial counterparts in 

i- 

(ii) The interested reader should compare our results with those of 
Moriwaki [TSj, who obtains a Northcott-type theorem for varieties over 
function fields by replacing the usual Weil height (which he calls a "geo- 
metric height" ) with an "arithmetic height" coming from the choice of 
a certain kind of polarization. 

(iii) It would be interesting to formulate and prove a result analogous 
to Theorem 11.61 in higher dimensions. 

2. Proof of Theorem 11.61 

We now give the proof of our main theorem on canonical heights over 
function fields ( Theorem II .6j) . assuming Theorems II . 91 and 11.111 

Proof. (Compare with Theorem 1.14 of PQ.) 

Recall from (jl.lOj) that for all z, w G P 1 (i^) with z ^ w, we have 

g<p, v {z,w) = h v (z) + h v (w) . 

v£M K 

Since ip is not isotrivial, it follows from Theorem II .91 that there exists 
a place Vq G Mk at which ip has genuinely bad reduction. Let C„ 
be the smallest complete and algebraically closed field containing K Vo . 
By Theorem 11.111 there is a finite covering Vi, . . . ,V S of P 1 (C^ ) and 
a constant Ci > such that g ViVo (z,w) > C\ whenever z, w G Vi 
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(i = 1, . . . , s). If Zi, . . . , zjv G P 1 (iT), then by Theorem 11.141 and the 
fact that g V)V > whenever tp has good reduction at v, there is a 
constant C 2 > depending on and if such that 

g(z u ...,z N ) := ^ ^2 9<p,v( z ^ z i) ^ ~C 2 N log N . 

veM K i^j 

Moreover, if z%, . . . , z^ e V{ for some i, then 

(2.1) g( Zl ...,z N )> dN 2 - C 2 N log N . 

Let M = [^—^) + 1. By the pigeonhole principle, in any subset of 
P 1 (C 1 , ) of cardinality AT, there is an M-element subset contained in 
some Vi. Without loss of generality, order the z/s so that this subset 
is {zi, . . . , zm}- Applying (jl.lOj) and (|2.1|1 . we obtain 

CiM 2 - C 2 M log M < g(zi, . . .,z M ) < 2M 2 maxh v { Zj ) . 

j 

If h v (zj) < for all j = 1, . . . , N, then we obtain 

< C 2 logM , 

which implies that M < C3 for some constant C3 > depending only 
on if and if. Thus N < Ms + 1 < C4 for some C4 > depending only 
on <£> and K. Setting e = ^ now gives the desired result. □ 

Remark 2.2. In the proof of Theorem [Ql one could avoid appealing 
to Theorem II . 141 by applying Theorem II . 1 II and a pigeonhole principle 
argument simultaneously at each place of genuinely bad reduction for 
<f. This would provide a better value of e but worse upper bound on 
TV than is given by the argument above. 

3. Dynamical Green's functions, the Berkovich 
projective line, and reduction of rational maps 

In this section, we study the dynamical Green's function g^z^w) 
attached to a rational map <p of degree d > 2 defined over a valued 
field L. A proof of Theorem II .111 is given in &S.4I 

3.1. Definition and basic properties of dynamical Green's func- 
tions. We begin by recalling some terminology from pP and j^j. As in 
JQ write (p in the form 

^{[zq-.Zx]) = [Fi (20,21) : F 2 (z ,z 1 )] 

for some homogeneous polynomials Fi,F 2 G L[x,y] of degree d > 2 
with Res F 2 ) ^ 0, and let F = {F u F 2 ) : L 2 -> L 2 . 
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Write ||(zq, zi)|| = max{|zo|, |zi|}, and for z G L 2 \{0}, define the 
homogeneous local dynamical height H F : L 2 \{0} — > R by 

H F (z) = lim llog||F(")(z)|| . 

n-*oo d 

By convention, we set H F (0,0) = — oo. According to jSj, Lemma 
3.5, the limit lim^oo ^ log ||F^ n )(z)|| exists for all z G L 2 \{0}, and 
4r log ||F^ n )(2;)|| converges uniformly on L 2 \{0} to H F (z). 

The function H F scales logarithmically, in the sense that for every 
a G L* and z G £ 2 \{0}, 

(3.1) H F (az) = Hp(z) + log \a\ . 

If the value group {—log \z\ : 2; G L*} is dense in R (which will be 
the case, for example, if L is algebraically closed and | • | is non-trivial), 
it follows from (|3.1|) that given e > 0, for every z G L 2 \{0} there exists 
a £ L* such that 

(3.2) -e < H F {az) < . 

When z, w G L 2 are linearly independent over L, define 

G F (z,w) = - log \z A w\ + .ffir(z) + H F (w) + logi? , 

where i? = | Res(F)|~^i). 

According to [Hj, Lemma 3.21, for all a, (3,j G L*, we have 

G lF (az, (3w) = G F (z,w) . 

In particular, Gp descends to a well-defined function g v (z,w) on 
P^L): for G P X (L) and any lifts z,w G L 2 \{0}, 

(3.3) g v (z,w) = -\og\z Aw\ +H F {z) +H F {w) +\ogR . 

If z ^ w then the right-hand side of (J3.3|) is finite; if z — w then we set 
g v (z,z) = +00. 

If K is a field satisfying (PF) and ip G K(T) is a rational map 
of degree d > 2, then for each u G Mx we have (setting L = C v ) 
an associated dynamical Green's function g^ v (z,w). By the product 
formula (applied twice), for all z,w G P 1 (fT) with z ^ w we have the 
fundamental identity 

^ g v , v {z,w) = h v (z) + h v (w) . 
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3.2. Extending the dynamical Green's function to Berkovich 
space. There is a natural extension of g v (z,w) to the Berkovich pro- 
jective line; we briefly recall the relevant background material from 



Let L be a complete non-archimedean field. With its usual topology, 
the projective line P 1 (L) is totally disconnected, and if the residue 
field of L is infinite then P 1 (L) is not locally compact. The Berkovich 
projective line PB erk = P^rk l over is a connected compact Hausdorff 
space which contains P 1 (L) as a dense subspace. The construction of 
Pg erk is functorial, and in particular a rational map (p : P 1 (L) — > P 1 (L) 
extends in a natural way to a continuous map from PB crk to itself. 

The space P^rk ^ as the structure of a metric M-tree (in the sense of 
[T2j). and admits a rich potential theory, including a theory of harmonic 
and subharmonic functions. These notions are defined in terms of a 
measure-valued Laplacian operator A on Pg crk whose domain is the 
space BDV(Pg crk ) of functions of bounded differential variation (see jlj, 
§5.3). A similar theory has been developed independently by at least 
three different sets of authors - see [TS], 0j, and |21j . For simplicity, 
we will use j3] and jB] as our basic reference for potential theory on 
Pg crk , although the results we need are also contained in [2Tj . 

We recall from [5] that an Arakelov Green's function on the Berkovich 
projective line is a function g(z, w) : f^ erk x Pg crk — > M U {+00} such 



(Bl) (Semicontinuity) The function g(z,w) is lower-semicontinuous, 
and is finite and continuous off the diagonal. 

(B2) (Differential equation) For each w G P^rk; 9( z i w ) belongs to 
the space BDV(Pg crk ). Furthermore, there is a probability mea- 
sure \i on Pg erk such that for each to, g(z, w) satisfies the identity 

A z g(z,w) = 5 w (z) - fi(z) . 

Conditions (Bl) and (B2) imply that g(z, w) is symmetric and bounded 
below (see jl], Proposition 7.19). The semicontinuity along the diag- 
onal is a technical condition which arises naturally from properties of 
the space P^rk ( see El; Proposition 3.1). Together, (Bl) and (B2) de- 
termine g(z,w) up to an additive constant by the maximum principle 
([3], Proposition 5.14). If in addition 

(B3) (Normalization) Jf pl pl g(z,w) fi(z)fi(w) = , 

Berk Berk 

we will say g(z,w) is a normalized Arakelov Green's function. 
Since it is known that 



MM 



that 



(3.4) 
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for some constant C independent of w (see [3], Proposition 7.24), (B3) 
is in fact equivalent to the a priori stronger condition 

(B3)' Jg(z,w)fx(z) = . 

If (p G L(T) is a rational function of degree d > 2, then as explained 
in jH], §7.5, the dynamical Green's function g v extends in a natural way 
to a normalized Arakelov Green's function 

(3.5) 9ip (z, w) : P^ rk x P^ crk ->KU {+00} . 

Explicitly, we have 

gJz,w)= liminf g^Zo, w ) . 

(^ ,«'o)eP 1 (L)xP 1 (L) 

It is precisely because of the constant log R which appears in the defi- 
nition of g v that it satisfies (B3); see Appendix IA1 for details. 

We will refer to the probability measure fi v on PB erk defined by the 
differential equation Agg v (z,w) = S w — \i 9 as the canonical measure 
associated to (p. The fact that probability measure (i.e., that 

fj«p is nonnegative and has total mass 1) is proved in 0j, Theorem 
7.14. It is shown in jl], Proposition 7.15 that the \l 9 has no point 
masses on P 1 (L). However, it can have point masses on Pg erk \P 1 (L) 
(see Theorem I3.14J1 . 

Lemma 3.6. For each fixed w G Peerk? ^ e function f w (z) = g v (z,w) 
is continuous on all of F^ crk as an extended real-valued function. If 
w G PB erk \P 1 (L) ; then f w (z) is real-valued on all o/Pg erk , and if w G 
P 1 (L), then f w (z) is real-valued except at z = w, where f w (w) = +00. 

Proof. See Proposition 7.19 of |3]. D 

There is a notion of subharmonic functions on PB erk (see jlj, §6, or 
[2*Tj . §3.1.2, for a definition). We will use the fact that subharmonic 
functions satisfy the following maximum principle: 

Theorem 3.7 (Maximum Principle for Subharmonic Functions). IfU 

is an open subset o/PB erk and f : U — * R U {+00} is a subharmonic 
function which attains its maximum value on U , then f is locally con- 
stant. 

Proof. See jl], Proposition 6.15, and also [21], Proposition 3.1.11. □ 

As a consequence, we can identify where the minimum and maximum 
values of g v occur: 

Theorem 3.8. For each fixed w G PecrkJ ^ e minimum value of f w (z) = 
g^Zjw) is achieved on Supp(/i ¥ ,) ; and the maximum value is achieved 
at w. 
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Proof. By Lemma RTTT^. f w (z) attains its maximum and minimum values 
on PB erk . (The maximum value is +00 if w G P 1 (L).) By Proposition 
6.1, Definition 6.2, and Proposition 7.19 of 0], f w (z) is subharmonic on 
Pg erk \{w} and —f w (z) is subharmonic on the complement of Supp(/i^). 
(This can also be deduced from [21], Proposition 3.4.4.) The result 
therefore follows from the maximum principle for subharmonic func- 
tions ( Theorem 13. 7|) . □ 

Remark 3.9. Theorem 13.81 holds more generally for Arakelov- Green's 
functions associated to "log-continuous" probability measures, see 
§7. 

3.3. Homogeneous filled Julia sets and transfinite diameters. 

Let L be a complete valued field, and as in the previous section, let 
F = (Fi, F 2 ) be a non-degenerate homogeneous polynomial mapping of 
L 2 , i.e., Fi,F 2 G L[x,y] are homogeneous polynomials of degree d > 2 
such that Res(F) ^ 0. 

The homogeneous filled Julia set Kp of F in L 2 is the set of all 
z G L? for which stays bounded as n tends to infinity. Clearly 

F(Kp) = Kp and F~ 1 (Kp) = Kp, i.e., Kp is completely invariant 
under F . According to j^j, Lemma 3.8, 



If F has good reduction, then by Lemma 3.9, K F = B(0, 1) is 
the unit polydisc in L 2 and Hp(z) = log \\z\\ for all z G L? . We will 
establish a converse to this result shortly ( Corollary I3.13|) . 

Also, when F has good reduction, the dynamical Green's function is 
given quite simply by 

(3.10) Gp(z, w) = — log \z A it; I + log \\z\\ + log ||w|| . 

Note that the right-hand side of ()3.10j) is always non-negative. This 
means that g v {x, y) > for all x, y G P : (L) when 93 has good reduction. 
By Lemma FA.31 the same is true when (p has potentially good reduction. 
Conversely, we will see in Theorem 13.141 that if g ip (x,y) > for all 
x,y G P 1 (i^), then <p has potentially good reduction. 

Recall that for z = (zi,Z2),w = (wi,w 2 ) G L 2 , we have z A w = 
Z\W 2 — z 2 w\. By analogy with the classical transfinite diameter, if 
E C L 2 is a bounded set, we define 



K F = {z G L 2 : H F (z) < 0} . 
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By Lemma 3.10, the sequence of nonnegative real numbers dP n (E) 
is non-increasing. In particular, the quantity d^E) = lim^oo <i° (E) 
is well-defined. We call d^E) the homogeneous transfinite diameter 
ofE. 

We also define d°(E) to be 

d°(E) = sup \z A w\ . 

We call d°(E) the wedge diameter of E. 

As an example, it is easy to see that if L is a complete and alge- 
braically closed non-archimedean field and r e \L*\, then the wedge 
diameter and homogeneous transfinite diameter of the polydisc 

B(0,r) = {z eL 2 : < r} 

are both equal to r 2 . 

If M e GL 2 (L), then it is elementary to show that \M(z) AM(w)\ = 
\det(M)\\zAw\, and thus c^(M(£)) = | det(M)| and d°(M(E)) = 

\det(M)\d°{E). 

As explained in pQ (see also |3j), for any valued field L we have 

(3.11) d^Kp) < iRes^l-W- 1 ) . 

If L is complete and algebraically closed, then equality holds in (|3.11|) 
by Corollary IA. 161 

Lemma 3.12. If L is a complete and algebraically closed non-archimedean 
field and E(B(0, 1)) C B(0, 1), then all coefficients of F\ and F 2 lie in 

o L . 

Proof. Write F(x, y) = (a x d + a\X d ~ l y + • • • + aay d , b x d + b\x d ~~ l y + 

■ ■ • + b d y d ). Since F(B(0, 1)) C B{0, 1), in particular the one- variable 
polynomials a(x) = aox d + aix d_1 + • • ■ + and b(x) = box d + b\x d ~ l + 

■ ■ • + bd map Ol to itself. But then we are done, since 

sup \a(z)\ = max |aj| , 



zeo L 



0<i<d 



and similarly for sup zG Q L \ b(z)\ . □ 

Corollary 3.13. If L is a complete and algebraically closed non-archimedean 
field and Kp = B(0, 1), then F has good reduction. 

Proof. Since Kp = 5(0,1) implies that F(B(0, 1)) C 5(0,1), it fol- 
lows from Lemma 13.121 that all coefficients of F lie in Op. Also, 
1 = dPjKp) = |Res(F)|"^), so |Res(F)| = 1. It follows that F 
has good reduction. □ 
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3.4. Dynamical Green's functions and reduction of rational 
maps. The main result of this section is the following theorem: 

Theorem 3.14. Let L be a complete and algebraically closed non- 
archimedean field, and let if G L(T) be a rational map of degree d > 2. 
Then g^x, x) > for all x G P^rk? an< ^ ^ e following are equivalent: 

(1) if has potentially good reduction. 
(2a) g v (x,y) > for all x,y G P^ erk . 
(2b) g v (x,y) > for allx,y G F\L). 
(3a) g v ((,() = for some (eP^- 
(3b) g v ((, C) = for some ( G P^P 1 ^). 
(4a) ^ = 5 C for some ( G P^crk- 
(4b) fi v = 5 C for some ( G F^ k \F l (L) . 

Note that conditions (2a) and (2b) are equivalent by the lower semi- 
continuity of g v {x,y), (3a) and (3b) are equivalent because g^x.x) = 
+oo for all x G P 1 (L), and (4a) and (4b) are equivalent because, as 
mentioned in §2.2, has no point masses in P X (L). 

As an immediate corollary of Theorem 13.141 we have: 



Corollary 3.15. Under the same hypotheses as Theorem \3.1J\ the 
following are equivalent: 

(1) f has genuinely bad reduction. 

(2) g^x.y) < for some x, y G P X (L). 

(3) g v ((,() >0 for all ( eF^F^L). 

(4) /i v is not a point mass. 

Assuming Corollary 13.151 we show how to deduce Theorem 11.111 
which is needed for the proof of Theorem 11.61 

Proof of Theorem W . 1 11 (Compare with pQ, Lemma 3.1.) 

Suppose f has genuinely bad reduction over L. We claim that there 
exists a constant (3 > such that g^(x, x) > [3 for all x G P^rk- Indeed, 
according to Corollarv l3.15l the fact that <f has genuinely bad reduction 
means that g v (x, x) > for all x G P^rk- The claim then follows from 
the fact that P^rk * s compact and g^ is lower semicontinuous (see [TUj . 
§ IV. 6. 2, Theorem 3). The lower semicontinuity of g^(z,w), together 
with the definition of the product topology on Pg erk x P^rk' a l so shows 
that for each x G PB crk , there is an open neighborhood U x of x in 
^Berk sucn that g^z^w) > (3 for z, w G U x . By compactness of P Berk , 
the covering {U x \ x G P Bcr k} nas a finite subcover Ui, . . . , U s . Take 
V i = U i nF\L). 

□ 
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Before giving the proof of Theorem I3.14| we establish some useful 
lemmas. 

Lemma 3.16. If L is an algebraically closed non-archimedean field 
and (p has potentially good reduction over L, then for any homogeneous 
lifting F of ip, there exists M G GL 2 (L) such that M~ l o F o M has 
good reduction. 

Proof. Choose any M' G GL 2 (L) such that cp' = M'" 1 o^oM' has 
good reduction. This means that there exists a homogeneous lifting F' 
of <p' with good reduction. Since any two lifts of ip' differ by a nonzero 
constant, we have F 1 = c(M'~ 1 ofo M') for some c G L* . It is enough 
to prove that there exists a E L* such that F' = M _1 o F o M, where 
M = aM'. For this, we take a such that a^ -1 = c, and then compute 
that 

(M -1 o F o M)(z) = a- l (M'- 1 o F o M')(az) 
= F'(z) 

as desired. □ 

Lemma 3.17. Let L be an algebraically closed field, let ip G L(T) be a 
rational map of degree d > 2, and let F = be a homogeneous 

lifting of (p. Then the natural map from the set of preperiodic points of 
F in L 2 \{0} to the set of preperiodic points of (p in F l (L) is surjective. 

Proof. Let P G P 1 (L) be a preperiodic point of <p, so that <pW(P) = 
ip( k \P) for some positive integers j ^ k. Then for any homogeneous 
lifting z G L 2 \{0} of P, there exists a nonzero constant c G L such 
that F^(z) = cF^ k \z). Choose a G L* such that a d " = ca dJ . Then 

F®(az) = a dJ F^(z) = ca d3 F^ k \z) = a dk F^ k \z) = F^ k \az) , 
so that az G L 2 is a lifting of P which is preperiodic for F . □ 

Lemma 3.18. Let L be an algebraically closed field, and let <p G L(T) 
be a rational map of degree d > 2. Let w,w' G P 1 (L) &e distinct 
preperiodic points of (p. Then there exists a Mobius transformation 
M G PGL 2 (L) with M(oo) = w and M(0) = w' , and a lifting F' = 
(F[, F£) of ip' = M~ l o (p o M such that (1, 0) and (0, 1) are preperiodic 
points for F' . (Here we identify the point (1 : 0) G P 1 (L) with oo and 
(0 : 1) G P^L) 0.; 

Proof. Choose any M" G GL 2 (L) such that M"(oo) = w and M"(0) = 
w', so that 0, oo are preperiodic for ip" = M" _1 0^90 M" . Choose 
any homogeneous lifting F" = (Fi,F 2 ) of ip" to L 2 . By Lemma 13.171 
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there are lifts (0, s),(t, 0) G L 2 of and oo, respectively, such that 
(0, s) and (t, 0) are preperiodic for F" . Let F' = M'^ 1 o F" o M', where 
M' G GL 2 (L) is the linear transformation such that M'(x, y) = (tx, sy). 
Then (0, 1) and (1, 0) are preperiodic for F', the Mobius transformation 
M = M" o M' satisfies M(oo) = w and M(0) = w', and F' is a lifting 
of ip' = M _1 opMas desired. □ 

Lemma 3.19. Let L be an algebraically closed field, and let ip G L(T) 
be a rational map of degree d>2. If g v (x,y) > for all x, y G P 1 (L), 
i/ien i/iere exzsi preperiodic points w,w' G P 1 (L) suc/i i/iai g^w^w') = 
0. 

Proof. Let z G P X (L) be a fixed point of ip, and let u> G P 1 (L) be any 
periodic point of (p different from z. Let N be the period of w. By 
Theorem I A. 101 if 

i=l 

as divisors on P 1 (L), then 

d N -i 

(3.20) g v {w,z) = g ip {p {N \w),z) = g ip (w,z) + ^ g v {w,^) ■ 

i=i 

Since w ^ z, all terms appearing in ()3.20|) are finite, and therefore 

d N -i 

9A w > z 'i) = • 

i=l 

Since g v (x,y) > for all x, y G P X (L) by assumption, it follows that 
g<p(w, z'j) = for all i. Since = z, each z- is preperiodic, so we 

can take w' = z[. □ 

We are now ready to prove Theorem 13.141 

Proof of Theorem \3.1J\ For the first assertion, we know that g v (x, x) = 
+oo for x G P 1 ^), so it suffices to show that if ( G P^VP^L), then 
5V(C C) > 0- By Theorem 13.81 for all x G P^crk we have 

9 V (C,0 > 9 v (x,C) ■ 

Integrating against the probability measure /i with respect to the vari- 
able x, we obtain 



9<p(C,0 > I g v (x,()K x ) = 

by (B3)'. 
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Now for the various equivalences. We have already remarked that 
(2a) (26), (3a) <^> (36), (4a) <^> (46). Let us therefore refer to these 
assertions as (2), (3), (4), respectively. We will show that (3) (4), 
(4) & (2), and finally that (1) (2) and (4) (1). 

(3) =► (4): 

Suppose gtp((,() — f° r some ( G Pg erk \P 1 (L). Then by Theo- 



rem EH1 for all x G ^Berk' we have 
(3.21) Q = 9 V (C,0>9 V M) ■ 

On the other hand, since J pl g v {x, OM^) — 0, it follows from Lemma 

Berk 

that g<p{xX) = for all x G Supp(/i v ). Since (by Theorem 13. 8|) the 
minimum value of g^(xX) is achieved on Supp(/i^), it follows from 
(eq:gneg) that g v (x, () = for all x G P^rk- But then 

5 C - fi v = A x g^(x,C) = 

and thus = 5^. 

(4) =>- (3): If = 5^, then since is normalized (Corollary IA.15|) . 
we have 

= / / g v {x,y)n v (x)n v (y) = g v {(,C) . 



(4) => (2): Ufi v = S c , then 



for all x G P^ erk by (B3)'. 

Fix y G Peerk' aric ^ ^ fy{ x ) = 9tp( x iV)- By Theorem 13.81 the mini- 
mum value of f y (x) on P^k occurs at £, and therefore for all x G P^rk' 

^(x,y) > g v (x,C) = • 

(2) =► (4): 
Since 

for all X G P^rk' if SVO^J V) > f ° r a11 ^ 1/ e ^Berk and C ^ Supp(/^), 

we must have g,p(-,() = by Lemma I3~T)1 Therefore 

<*C - AV = A x g ip (x,C) = , 
which means that \i v = 5^. 

(1) =► (2): 

If ip has good reduction, this follows from (j3.10J) . The case of poten- 
tially good reduction then follows from Lemma f A. 31 



18 



MATTHEW BAKER 



(4) =► (1): 

Assuming that ^ = 5^, we want to show that ip has potentially good 
reduction. 

Since (4) =>- (2), Lemma 13.191 implies that we can find preperiodic 
points w,w' G P 1 (L) for ip such that g v {w,w r ) = 0. Replacing ip by 
a conjugate if necessary, Lemma 13.181 shows that we can assume that 
w = 0,w' = oo, and that there is a homogeneous lifting F of ip so 
that (1,0) and (0,1) are preperiodic for F. In particular, we have 
fl>((0, 1)) = H F {{ \, 0)) = 0. We will show that F has good reduction. 
By Corollary I3.13| it suffices to prove that K F = -6(0, 1). 

Recall that for any lifts z, z' G L 2 \{0} of P, P' G P 1 ^), respectively, 
we have 

g v (P, P') = G F (z, z) = - log \zAz'\+H F (z)+H F (z')+log | Res(F)\~^) . 
In particular, 

= g v (w, w') = G F ((0, 1), (1, 0)) = log | Res(F)|-^) , 

so that | Res(F)| = 1 and 

G F (z, z) = -log \z A z'\ + H F (z) + H F (z') 

for all z,z' G L 2 \{0}. 

Take z = (x,y) G K F . Then H F (z) < 0, so condition (2) implies 
that 

< G F (z, (0, 1)) = - log |ac| + H F (z) < - log \x\ 

and thus \x\ < 1. An identical calculation using (1,0) shows that 
\y\ < 1 as well. Thus z G B(0, 1), and we conclude that K F C 5(0, 1). 

Let £ > 0, and take z = (x,y) G 5(0, 1) and z' = (x',y') G iTp so 
that — e < H F {z') < 0. Since z, z' G 5(0, 1), we have |z A z'\ < 1, and 
thus 

(3.22) G F (z,z')>H F (z)-e. 

Let P be the image of z in P 1 (L), and let P' G P X (L) be arbitrary. By 
()3.2j1 . we may choose a lift ^ G -^ 2 \{0} of P' such that -e < H F (z') < 
0. Since g^ix^y) is continuous off the diagonal and /i v = implies 
that g 9 (C, y) = 0, if P' -»• C then 

G F (z', z) = g^i^P' , P) — > ^(C, P) = 0. 

As P X (L) is dense in P^ crk , we may use ()3.22|) to conclude that H F (z) < 
e. Letting e — > shows that H F (z) < 0. Thus z G Ki? and K F = 
5(0, 1) as desired. □ 
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Remark 3.23. The fact that g,p(x,x) > for all x G P^rk' as we ^ as 
the implication (3) =>- (4) in the proof of Theorem 13.141 can also be 
deduced from the following "Energy Minimization Principle" (see jlj, 
Theorem 7.20): 

Define the "energy functional" I v (u) on the space P of probability 
measures on PB crk by the formula 



Then I^iy) > Itp{n<p) = for all v G P, with equality if and only if 
v = fi v . 

As a consequence of Theorem 13.141 we present new proofs of some 
theorems of R. Benedetto and J. Rivera-Letelier concerning reduction 
of rational maps. For example, we easily deduce from Theorem 13.141 
the following result of Benedetto (|7;, Theorem B, see also [T7j, §7): 

Corollary 3.24. cp has potentially good reduction iff ip^ has poten- 
tially good reduction for some (equivalently, every) n > 1. 

Proof. This follows from Theorem 13.141 together with the fact that 

g v (z,w) = g v w(z,w) 

for any n > 1, which follows easily from the definition of g v (z, w) using 
the fact that 



The exceptional set 8((p) of <p in Pg erk \P 1 (L), is defined to be the set 
of all ( G PBerk\ pl ( L ) such that 



is finite. The following result is originally due to Rivera-Letelier (see 
[T7| . §7, Theorem 3): 

Corollary 3.25. If ip has genuinely bad reduction, then £(ip) = 0. If 
ip has potentially good reduction, then £{<p) = {(} consists of a single 
point. 

Proof Since <p maps PB erk \P 1 (L) surjectively onto itself, the forward 
orbit of any point in £{<p) must be a finite cycle of length n. Using 
Corollary 13. 241 after replacing ip by ip^ it suffices to prove that there is 
at most one point ( G PB erk \P 1 (L) which is completely invariant under 




Res(F)| d(d-i) 



Res(F (n) )| 



by dQ. 



□ 



1> ( ^(C) 



n>0 
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<p, and that there exists a completely invariant point if and only if <p 
has potentially good reduction. 

If C G JPBcrk\^ ,1 (-^ / ) i s completely invariant, then ip*(C) = d( as divi- 
sors on PBcrk) an d by Theorem IA. 101 we have 

9<p((, = gMQ> = ^(C v>*(0) = d • *te(C, , 

so that gf v (C,C) = 0- By Theorem I3.14j this implies that <£> has po- 
tentially good reduction, and that \i v = 5^. In particular, there can 
be at most one such point £. Conversely, if ip has potentially good 
reduction, then = 5^ for some C G PB erk \P 1 (L). Since <£>*(/v) = d/i v 
and (p*(jJ>(p) = AV' ^ follows easily that C is completely invariant under 
(p. □ 

Remark 3.26. Let Co denote the Gauss point of Pg erk (see 0], §1). Then 
it is not hard using the above considerations to show the equivalence 
of the following conditions: 

(1) <p has good reduction. 

(2) tp( n > has good reduction for some (equivalently, every) n > 1. 

(3) ^(Co) = {Co}- 

(4) fi v = 5 Co . 

We leave the details to the reader. The equivalence of (1) and (2) is 
originally due to Benedetto ([Zj, Theorem B), and the equivalence of 
(1) and (3) was first noted by Rivera-Letelier in §4.1. Rivera- 
Letelier also shows in that ip has non- constant reduction if and 
only if y?(Co) = Co- 

4. A CRITERION FOR ISOTRIVIALITY 

We recall the statement of Theorem 11.91 

Theorem. Let K be a function field, and let ip G K(T) be a rational 
map of degree at least 2. Then (p is isotrivial if and only if ip has 
potentially good reduction over K v for all v G Mk ■ 

Proof. It follows from the definitions that isotrivial maps have every- 
where potentially good reduction. We therefore assume that ip has 
potentially good reduction over K v for all v, and want to show that ip 
is isotrivial. 

Since P 1 ^) contains infinitely many preperiodic points for ip, after 
conjugating ip by a Mobius transformation and replacing K by a finite 
extension if necessary, we may assume without loss of generality by 
Lemma \'d. 181 that there is a homogeneous lifting F of ip for which (0, 1) 
and (1,0) are preperiodic. In particular, P = (0,1) and Q = (1,0) 
belong to the homogeneous filled Julia set K Fv for all v G M K . 
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Let v G Mk be a (non-archimedean) place of K, let C„ be the 
smallest complete and algebraically closed field containing the com- 
pletion K v of v, and let O v be its valuation ring. Let E v be the ho- 
mogeneous filled Julia set of F in C^. By Lemma 13.161 there exists 
M = M v e GL 2 (C„) such that F' = M~ l ofol has good reduction 
over C v . Write M~\P) = P' and M~\Q) = Q'; since E' v = M~\E V ) 
is the homogeneous filled Julia set for F', we have E' v = B(0, 1) in C^. 
As aP' + bQ' G B(0, 1) for all a,b e C v with \a\, \b\ < 1, and since M 
is linear and takes -8(0, 1) to E v , it follows that aP + bQ G E v for all 
\a\, \b\ < 1. Since P = (0, 1) and Q = (1, 0), we thus have B(0, 1) C £„. 

In particular, d^Ev) > 1 for all v G M^- But according to (|3.11|) 
and the product formula, we have 

n d ^E V ) < i . 

v£M K 

Therefore dP^E^ = 1 for all v G M K . 

Since E' v = B(0, 1), letting d° denote the "wedge diameter" of a set 
as in we have 

dl(E v ) = | det(M)K(^) = | det(M)\d°(E' v ) = d°(E v ) 

for all v G My. Thus 5(0, 1) C E v and = 1 for all v G M K . 

But this implies that E v = B(0, 1) for all v G Mk, since if (x, y) G E v , 
then |x| = |(x, y) A (0, 1) | < 1 and \y\ = \(x,y) A (1,0) | < 1, so that 
{x,y)e 5(0,1). 

To conclude, write F(x, y) = (a x d + aix d 1 y + • • • + aay d , b x d + 
b 1 x d ~ l y+- ■ -+b d y d ) and note that E v = B(0, 1) implies that F(B(0, 1)) C 
B(0, 1), and hence Fx, F 2 G O v [x, y] bv Lemma l3.121 But then \di\ v , \bi\ v < 
1 for all < i < d and all v G Mk, which means that all coefficients of 
F lie in the constant field k of K. Thus ip is isotrivial as desired. □ 

Appendix A. Functional equation for the dynamical 
Green's function and consequences 

Let L be a valued field, and let ip G L(T) be a rational map of degree 
d > 2. Our goal in this appendix is to prove a functional equation 
for the dynamical Green's function g v (z,w) (Theorem IA.10|1 . and to 
deduce some consequences of this formula. Some of these results are 
also proved in [S] in the case where L is the completion of a global field. 
The proofs given here, by contrast, are purely local. 

Let fcbea field. By [15], Theorem IX.3.13, if F = (F 1 ,F 2 ) and 
G = (Gx,G 2 ) where Fx,F 2 G k[X, Y] are homogeneous of degree d and 
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Gi, Gi G k[X, Y] are homogeneous of degree e, then 
(A.l) Res(FoG) = Res(F) e Res(G) d2 . 

In particular, it follows by induction on n that 

(A.2) Res(F (n) ) = Res(F)" 

Lemma A. 3. Let L be a valued field, and let <p G L(T) be a rational 
map of degree d > 2. Let F be a homogeneous lifting of <p, let M G 
GL 2 {L), and let F' = M' 1 ofoM. Then for all z,w G L 2 \{0}, 

(A.4) H F (M(z)) = H F ,{z) 

and 

(A.5) G F (M(z), M{w)) = G F ,(z } w) . 

Proof. First of all note that given M, there exist constants C%, Ci > 
such that 

(A.6) C 1 \\z\\ < \\M{z)\\ <C 2 \\z\\ . 

Indeed, if we take C 2 to be the maximum of the absolute values of 
the entries of M then clearly ||M(z)|| < C^H-zll for all z. By the same 
reasoning, if we let Cf 1 be the maximum of the absolute values of the 
entries of M _1 , then 

IIm-^m^))!!^^- 1 !^^)!! , 

which gives the other inequality. 
By the definition of H F , we have 

H F (M(z))= lim ^\og\\F^(M(z))\\ 

= lim ^\og\\MF^\z)\\=H FI {z) , 

where the last equality follows from (jA.6|) . This proves (jA.4|) . 
Since \M(z) AM(w)\ = |det(M)| • \zAw\, we have 

(A.7) -log|M(z) A MO) | = -log|det(M)| -\og\zAw\ . 

On the other hand, by (jXj]) and the fact that | Res(M)| = | det(M)|, 
it follows that 
(A.8) 

' log | Res(F')| = -373- — r log | Res(F)| - log | det(M)| . 



d(d-l) &l v n d(d-l) 
Putting together (|A~I|) . (jA~7|) . and gives (TO|) . □ 
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Corollary A. 9. Let L be a valued field, and let ip G L(T) be a rational 
map of degree d > 2. Let M G PGL 2 (L). Then for all z,w G F\L), 
we have 

g ip (M(z),M(w)) = gM-i 0if oM(z,w) . 

The following result gives a useful functional equation for the dy- 
namical Green's function. A proof using the fact that is normal- 
ized (i.e., satisfies condition (B3) above) is given in [5], Corollary 3.39. 
However, the proof in [3] that g v is normalized uses global methods. 
Here, we give a simple, purely local proof of the functional equation, 
and instead deduce from the functional equation that g v is normalized 
(Corollary ED) . 

Theorem A. 10. Let L be an algebraically closed valued field, and let 
ip G L(T) be a rational map of degree d > 2. Then for all x, y G P 1 (-^), 
we have 

g v (<p(x),y) = g v (x,(p*(y)) , 

where yi,---,yd o^re the preimages of y under ip, counting multiplicity, 
and 

d 
i=l 

Proof. Using Corollary IA.91 we may assume without loss of generality 
that y — oo. Let F be a homogeneous lifting of <p, and let R = 

| Res(F)|" 5 <^ T ) . For z G £ 2 \{0}, let [z\ denote the class of z in P 1 (L). 
Fix w = (1, 0), let ax, . . . be the preimages of [w] under ip (counting 
multiplicities), and let w%, . . . , be solutions to F{wi) = w such that 

[Wi] = di. 

It suffices to show that for all z G L 2 \{0}, we have 

d 

(A.ll) G F (F(z),w)=^2G F (z, Wi ) . 

i=l 

Since H F {F{z)) = dH F (z) and H F ( Wi ) = \H F (w) for all i, (OOTll is 
equivalent to 

d 

— log \F(z) A w\ = (d — 1) logi? — log \z A Wi\ , 

i=l 

which itself is equivalent to 

d 

(A.12) \F{z)Aw\ = \ Res{F)\ 1/d Y[\z A Wl \ . 
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We verify (|A.12|) by an explicit calculation (compare with jTTj, Lemma 
6.5). 

Write F = (F 1 ,F 2 ) = {Ylf =1 z A ai,Uj=i z A bj). Since F(b 3 ) = 
(Yli=i a i A bj, 0) and w = (1, 0), we may take 



(U^Ab.yM 



z A w j | 





\z A bj 




|F(z) A w\ 


n* !■ 


3j A 6j 


1/d 


Res(F)|Vd 



for j = 1, . . . , d, where for each j we fix some choice of a dth root of 
Y\i a i A bj. Note that is independent of which dth root we pick. 
Thus 

d 

n 

which gives (|A.12|I . □ 

Suppose now that L is a complete and algebraically closed non-archi- 
medean field, and let P Berk denote the Berkovich projective line over 
L. As a function on P Berk x P Berk , 9<p( z , w ) is lower semicontinuous, 
continuous off the diagonal, and symmetric in z and w. Also, for each 
fixed z G ^Berk' the function w i— > g^z.w) is continuous on P Berk \{z} 
(and is continuous and real- valued on all of P Bcrk if ^ ^ PH-^))- More- 
over, y> : P Berk -> P Berk is continuous, and both P X (L) and P Berk \P 1 (L) 
are dense in P Berk . (See [I], §7, for proofs of all of these assertions.) 

In addition, it is shown in jl], §7, that for each y G P Berk , there is 
a natural way to define the pullback <p*(y) = J2 m i x ii with <p(xi) = y 
and 1 < rrii < d the multiplicity of X{, so that Yl m i = d an d f° r an y 
continuous function / : P Bork — > K, the function <£*(/) defined by 

<p*(f)(y) = m *f( x ) 

ip(x)=y 

is again continuous. For y G P 1 ^), wii is just the usual algebraic 
multiplicity of Xi as a solution to </?(•) = y. 

Using these facts, we can deduce that Theorem IA. 101 remains valid 
for all x,y e P Berk : 

Corollary A. 13. Let L be a complete and algebraically closed non- 
archimedean field, and let G L{T) be a rational map of degree d > 2. 
Then for all x, y G P Berk , we have 

(A.14) g v (<p(?), y) = g<p(%, v*{y)) ■ 

Proof. Fix y G P X (L). Then since <p is continuous, both g<p(<p(x),y) 
and g v> (x,(p*(y)) are continuous real- valued functions of x for all x G 
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Pg erk \P 1 (L). Since these functions agree on the dense subset P 1 (L) of 
P Berk b y Theorem lA~l"0l <[Q3|) holds for all x G P^j/G P 1 ^)- 

Now fix x G PB erk \P 1 (L). Then g<p(<p(x),y) and ip # g,p(x,y) are con- 
tinuous and real- valued for all y G P Berk , an d they agree for y G P X (L). 
Therefore holds for all x G P^^P^L), y G P Bcrk . 

Finally, fix y G P^^P^L). Then g v (jp{x), y) and g (p (x,(p*(y)) are 
continuous and real- valued for all x G P Berk , an d they agree on the 
dense subset Pg^P 1 ^), so they agree for all x G P Berk - ^ 

Using Corollarv lA.13l we can deduce that g v is a normalized Arakelov- 
Green's function on P Berk . The proof remains valid for any complete 
and algebraically closed field L if we define P Berk to be P 1 (L) when L 
is archimedean. 

Corollary A. 15. For all x G P Berk , we have 



Proof. By ()3.4j) . there is a constant C such that J g^(x,y) ^(y) = C 
for all x G P Berk , an d it suffices to show that C = 0. 

Fix x G P Bcrk - Since y?*/^ = fi v (see [I], Theorem 7.14), it follows 
from Corollary I A . 1 31 that 



Finally, we deduce a formula for the homogeneous transfinite diam- 
eter of homogeneous filled Julia sets: 

Corollary A. 16. Let F : L 2 — > L 2 be a non-degenerate homogeneous 
polynomial map, where L is a complete and algebraically closed valued 
field. Let Kp be the homogeneous filled Julia set of F. Then 




C 




dC , 



and thus C = as desired. 



□ 



'oo 



(K F ) = \ Res(F)\-^v . 
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Proof. (Compare with Theorem 3.16, and [H], Theorem 1.5.) Let 
R = | ResfT^prff^ , and define 

D n = inf 1 V <fc(P f , Pi) • 

Pi,...,p„eP 1 (L) n(n - 1) 

By Theorem 3.49 of 0, 

lim D n = II g v {x,y)n v {x)n v {y) , 



which is zero by Corollary IA.15I 

By (|3.2j) . for every P G P 1 (L) and each e > 0, there exists a lifting z 
of P to L 2 \{0} such that — e < Hf{z) < (and in particular, z G Kp). 

Using this observation, it follows from the definitions that for every 
n > 2 and every e > 0, 

- log d° n (K F ) + \ogR-2e<D n <- log d° n (K F ) + log R . 

Letting e — > and n — > cxd gives the desired result. □ 

Appendix B. The Mordell-Weil theorem for elliptic 

CURVES OVER FUNCTION FIELDS 

In this section, we give a new proof of the Mordell-Weil theorem for 
elliptic curves over function fields. In addition to its simplicity and 
quantitative nature, our proof illustrates many of the salient features 
in the proof of Theorem 11.61 without the complications introduced by 
the theory of Berkovich spaces. 

Let K be the function field of a nonsingular, integral projective al- 
gebraic curve C over an algebraically closed field k , so that ko is the 
field of constants of K. 

Let E/K be an elliptic curve. We will say that E is isotrivial over 
K if there is an elliptic curve E /k and a /^-isomorphism from E to 
Eq, and isotrivial if there exists a finite extension K'/K and an elliptic 
curve E' which is isotrivial over K' such that E is isomorphic to E' 
over K'. 

The following result should be compared with Theorem 11.91 

Lemma B.l. E is isotrivial if and only if E has potentially good re- 
duction at all v G Mk- 

Proof. Let ]e G K denote the j-invariant of E. By [Hi], Proposition 
VIII. 5. 5, E has potentially good reduction at v if and only if \je\v < 
1. On the other hand, by JH], Proposition III. 1.4, we see that E 
is isotrivial if and only if j F G ko- The result now follows from the 
definition of k Q . □ 
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Let h E = He,k '■ E(K) — > R be the Neron-Tate canonical height on 
E. (If we fix a Weierstrass equation y 2 = f(x) for E over K and let 
ip be the degree four rational map expressing x(2P) in terms of x(P), 
then h can be defined by the formula He(P) = \h lf! {x{P)) .) 

According to Neron's theory (see [20], Chapter VI, and [TH], §6.5), the 
global canonical height He can be decomposed into a sum of canonical 
local heights: for P G E(K), P ^ 0, we have 

(B.2) h E (P) = £ A„(P) , 

where the functions A„ : P(C„)\{0} — > R satisfy 

(1) If E has good reduction at v, then A„(P) > for all P G 
P(C)\{0}. 

(2) If E has split multiplicative reduction at v, then A„(P) = 
i(P) +j(P) for all P G P(C^)\{0}, where i(P) > and j(P) = 
~v (g)B 2 (r(P)). Here t>(g) = — log Ij/'^U > (for an appropriate 
choice of logarithm), r : E(C V ) — ► R/Z is the "retraction ho- 
momorphism" described in §3.1, and B 2 (t) : R/Z — » R is 
the periodic second Bernoulli polynomial defined for < t < 1 
by B 2 (t) = t 2 -t + 1/6. 

By the parallelogram law, 

(B.3) h E (P-Q) = 2h E (P)+2h E (Q)-h E (P+Q) < 2h E (P)+2h E (Q) . 

Also, since |B 2 (0) = ^ > 0, it follows by continuity that the circle 
R/Z can be decomposed as a union of finitely many segments Ui, . . . , U s 
such that M 2 (x — y) > whenever x,y G Ui for some i. For example, 
we can take U = l 1 -^-, |] for i — 1, . . . , 6, in which case 

(B-4) ^B 2 (x-y)>^ 

for x,y & U, 1 < i < 6. 

Finally, a simple Fourier averaging argument ( 20J, Exercise 6.11) 
shows that if x\, . . . , xn G R/Z, then 

(B.5) \M*i-*j)>-^2- 
We now prove: 

Theorem B.6. If E/K is not isotrivial, then there is a constant e > 
depending on E and K such that the set {P G E(K) : Iie{P) < s} is 
finite. 
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Proof. Replacing K by a finite extension, we may assume without loss 
of generality that E has semistable reduction over K, and thus that E 
has either good or split multiplicative reduction at each v G M^- By 
Lemma IB. II the set S of places of bad reduction for E is non-empty; 
let s be its cardinality. For each v G S, let 5 V = — A log \je\v > 0, let 
5 = mm v€S {5 v }, and let v G S* be a place for which 5„ = 5. Finally 
let S' = S\{v }. 

Fix N > 2, let M = 6{N - 1) + 1, and suppose that Pi, ... , P M G 
E(K) are distinct points each having /^(Pj) < 5/48. 
Iterating (jB.3|) and letting 



fc(Pl '- |fff) = Mjy-i) ^ V*-*0, 

l<ij'<AT 



we obtain 

(B.7) Yl 9v{Pi, ■■■> P n)<^Y1 M P *) < ^ 

v£Mk i 

On the other hand, by (jB.4|) and the pigeonhole principle, after 
relabelling the p's we may assume that A„ (P — Pj) > 5/6 for all 
l<i,j<N. Thus 

gvo (Pi,...,P N ) >5/Q . 
In addition, for t> G S', ()B.5|) gives 

5 ( . 



g v (P u ...,P N ) > 
If N > 12(s - 1) + 1, it follows that 



iV 



^ ^(P l5 . . . , Pv) > g V0 (Pi, ...,P N ) + J2 9v(Pi, ■ ■ ■ , Pv) 

>«-A 

~ 6 12 
^_ 

~ 12 ' 

contradicting ()B.7|) . 

Thus N < max{2, 12(s - 1)}, and therefore M < max{7, 72(s - 1) - 
5}. In other words, there are at most max{7, 72(s — 1) — 5} distinct 
points in E{K) with height less than 5/48. □ 

We recall from ^3], Proposition 6.2.3, (see also [20], Theorem III. 2.1, 
when char(if) = 0) the following "weak Mordell-Weil theorem" over 
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K; its proof is more or less the same as in the case where K is a number 
field. 

Theorem B.8. If E/K is not isotrivial and E[m](K) C E(K), then 
for every integer rn > 1 not divisible by the characteristic of K, the 
group E(K)/mE(K) is finite. 

According to Lemma ll.4| for M sufficiently large there are infinitely 
many points x G P 1 (ii') such that h v {x) < M. However, most of these 
points do not lift to irrational points of E, as the following result 
shows: 

Theorem B.9. If E/K is not isotrivial, then for every M > 0, the set 

{P G E{K) : h E (P) < M} 

is finite. 

Proof. (Compare with the proof of ^Hj, Lemma 2.2.) 

Let m > 2 be any integer not divisible by char(iT). Without loss 
of generality, we may replace K by a finite extension and assume that 
E[m)(K) C E(K). Now suppose the result in question is false, and let 

C = inf{M : 3 infinitely many P G E(K) with h E (P) < M} . 

By Theorem IB. 61 C > 0. By the definition of C, there exists an 
infinite sequence P n G E(K) such that hE{P n ) < 3C/2 for all n. Since 
E(K)/mE(K) is finite by Theorem IB. 81 there is a coset of mE(K) in 
E(K) containing infinitely many of the points P n . But if i ^ j and Pi 
and Pj are in the same coset, then Pj — Pj = mQ for some Q G E(K), 
and it follows from the parallelogram law that 

MQ) < ' He{P ' ] + < % < c . 

It follows that there are infinitely many Q G E{K) such that fiE(Q) < 
^j-, contradicting our choice of C. □ 

Using Theorems IB. 81 and IB.9| the usual descent argument (see [TTJ| . 
Proposition VIII. 3.1) now establishes the following version of the Mordell- 
Weil theorem: 

Corollary B.10 (Mordell-Weil Theorem). If E/K is not isotrivial, 
then E(K) is finitely generated. 

Remark B.ll. 

(i) Theorem IB . 91 and Corollary IB. 101 are proved in [2], Chapter 5, in 
any characteristic under the weaker hypothesis that E is not isotrivial 
over K. 
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(ii) Unlike the proofs in [14 or 20J, our proof of Theorem IB .Ql remains 
valid over an arbitrary function field K (in the general sense discussed 
in the introduction). 

Finally, we sketch how one can deduce Theorem IB.6I directly from 
Theorem 11.61 For simplicity, we assume that K has characteristic dif- 
ferent from 2,3. 

Fix a minimal Weierstrass equation y 2 = x 3 + Ax + B for E over K v 
with discriminant A, and recall that the Neron-Tate canonical height 
h E = h E ,K ■ E(K) -y R on E can be defined for P = (x(P),y(P)) G 
E{K) as' 

h E (P) = \hMP)) 

where <p is a degree 4 rational function defined over K. 

Ifx(P) = {z , Zl ) G F\K), wehave^(x(P)) = x([2]P) = (F 1 (z , z t ) : 
F^iza, z i)) with F 1 (X, Z), F 2 (X, Z) G O v [X, Z] homogeneous of degree 
4. More concretely, according to [19J, § III. 2. 3d, we have 

Fi(X, Z) = X 4 - 2AX 2 Z 2 - 8BX + A 2 , 
F 2 (X, Z) = 4X 3 Z + 4AXZ 3 + 4BZ 4 . 

An explicit computation shows that Kes(Fi(X , Z) , F 2 (X , Z)) = 2 8 A 2 . 
In particular, since K v has residue characteristic different from 2, we 
see that 

(B.12) iRes^i^HA^ • 

It is not hard to show that for all P,Qe E(C v ), \ v and g 9>v are 
related by the formula 

(B.13) X V (P + Q) + X V (P-Q)= g v , v (x(P) 7 x(Q)) . 

[Sketch of proof: One checks that for fixed w, g ipjV (z,w) is a Call- 
Silverman canonical local height function on P 1 relative to the divisor 
(w); this implies by functoriality of canonical local heights that both 
sides of (jB.13|) are equal up to a constant. Finally, one shows that the 
constant is zero using (jB.12|) .] 
In particular, 

(B.14) X v (P) = ^ v (x(P),oo) . 

Lemma B.15. E has potentially good reduction atv G Mk if and only 
if if does. 

Proof. Replacing K by a finite extension, we may assume without loss 
of generality that E has semistable reduction over K. The explicit 
formulas for then show that X V (P) > for all P G E(C V ) if and only 
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if E has good reduction at v. On the other hand, Theorem 13. 141 shows 
that g v (z,w) > for all z, w G P 1 (C t) ) if and only if cp has potential 
good reduction at v. The result now follows easily from (|B.13|) and 
flEZLU), together with the fact that the map x : E(C V ) -> P^Q,) is 
surjective. □ 

Theorem IB. 61 is now an immediate consequence of Theorem 11.61 and 
Lemmas IB.ll and IB. 151 
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